
Äèôôåðåíöèðóåìîñòü ôóíêöèè. Îñíîâíûå ïîíÿòèÿ

Ïîíÿòèå äèôôåðåíöèðóåìîñòè.

Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà íà ïðîìåæóòêå (a, b); òî÷êà x0 ∈ (a, b); ÷èñëî ∆x
äîñòàòî÷íî ìàëî, òàê ÷òî x0 + ∆x ∈ (a, b).

Îïðåäåëåíèå 1. Ïðèðàùåíèåì ôóíêöèè y = f(x) â òî÷êå x0, ñîîòâåòñòâóþùèì ïðèðà-
ùåíèþ àðãóìåíòà ∆x, íàçûâàåòñÿ ÷èñëî ∆y = f(x0 + ∆x)− f(x0).

Óòâåðæäåíèå 1. Ôóíêöèÿ y = f(x) íåïðåðûâíà â òî÷êå x0 òîãäà è òîëüêî òîãäà, êîãäà
lim

∆x→0
∆y = 0.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ôóíêöèÿ f(x) íåïðåðûâíà â òî÷êå x0 òîãäà è òîëüêî
òîãäà, êîãäà lim

∆x→0
f(x0 + ∆x) = f(x0), ÷òî ðàâíîñèëüíî lim

∆x→0
(f(x0 + ∆x)− f(x0)) = 0.

Îïðåäåëåíèå 2. ×èñëî lim
∆x→0

f(x0 + ∆x)− f(x0)

∆x
(ïðè óñëîâèè, ÷òî ýòîò ïðåäåë ñóùå-

ñòâóåò) íàçûâàåòñÿ ïðîèçâîäíîé ôóíêöèè y = f(x) â òî÷êå x0.

Îáîçíà÷åíèÿ: f ′(x0), f ′(x)|x=x0 , y
′(x0),

df

dx

∣∣∣
x=x0

,
dy

dx

∣∣∣
x=x0

.

Îïðåäåëåíèå 3. Ïðàâîé (ëåâîé) ïðîèçâîäíîé ôóíêöèè y = f(x) â òî÷êå x0 íàçûâàåòñÿ

÷èñëî f ′Π = lim
∆x→0+0

f(x0 + ∆x)− f(x0)

∆x

(
f ′Λ = lim

∆x→0−0

f(x0 + ∆x)− f(x0)

∆x

)
.

Óòâåðæäåíèå 2. Ôóíêöèÿ y = f(x) èìååò â òî÷êå x0 ïðîèçâîäíóþ f ′(x0) òîãäà è òîëüêî
òîãäà, êîãäà f ′Π(x0) = f ′Λ(x0)(= f ′(x0)).

Ïðèìåð 1. Ðàññìîòðèì ôóíêöèþ f(x) = |x|. Âû÷èñëèì åå ëåâóþ è ïðàâóþ ïðîèçâîäíóþ
â òî÷êå x0 = 0:

f ′Π(0) = lim
∆x→0+0

|0 + ∆x| − |0|
∆x

= lim
∆x→0+0

∆x

∆x
= 1;

f ′Λ(0) = lim
∆x→0−0

|0 + ∆x| − |0|
∆x

= lim
∆x→0−0

−∆x

∆x
= −1.

Âèäèì, ÷òî f ′Π(0) 6= f ′Λ(0), ñëåäîâàòåëüíî, f ′(0) íå ñóùåñòâóåò.

Ãåîìåòðè÷åñêèé ñìûñë ïðîèçâîäíîé.

Ðàññìîòðèì ãðàôèê ôóíêöèè y = f(x). Îòìåòèì íà íåì òî÷êè M(x0, f(x0)) è
N(x0 + ∆x, f(x0 + ∆x)). Ïðÿìàÿ MN íàçûâàåòñÿ ñåêóùåé ãðàôèêà ôóíêöèè f(x). Çà-
ôèêñèðóåì òî÷êó M . Òîãäà óãîë ìåæäó ñåêóùåé MN è îñüþ Ox çàâèñèò òîëüêî îò ∆x.
Îáîçíà÷èì åãî ϕ(∆x).
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Îïðåäåëåíèå 4. Êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = f(x) â òî÷êå M íàçûâàåòñÿ ïðå-
äåëüíîå ïîëîæåíèå ñåêóùåé MN ïðè ñòðåìëåíèè òî÷êè N ê òî÷êå M (òî åñòü ïðè
ñòðåìëåíèè ïðèðàùåíèÿ ∆x ê íóëþ).

Óãîë ϕ(∆x) ïðè ýòîì ñòðåìèòñÿ ê íåêîòîðîìó óãëó ϕ0, êîòîðûé íàçûâàåòñÿ óãëîì

íàêëîíà êàñàòåëüíîé ê îñè Ox.

Òåîðåìà 1. Åñëè ôóíêöèÿ y = f(x) èìååò ïðîèçâîäíóþ â òî÷êå x0, òî â òî÷êå
M(x0, f(x0)) ñóùåñòâóåò êàñàòåëüíàÿ ê ãðàôèêó f(x), ïðè÷åì tgϕ0 = f ′(x0), ãäå ϕ0 �

óãîë ìåæäó êàñàòåëüíîé è ïîëîæèòåëüíûì íàïðàâëåíèåì îñè Ox, −π
2
6 ϕ0 6

π

2
.

Äîêàçàòåëüñòâî. Îáîçíà÷èì ÷åðåç H òî÷êó ñ êîîðäèíàòàìè H(x0 + ∆x, f(x0)). Òîãäà

∠NMH = ϕ(∆x), tg∠NMH =
NH

MH
=

f(x0 + ∆x)− f(x0)

(x0 + ∆x)− x0

=
∆y

∆x
. Ñëåäîâàòåëüíî,

ϕ(∆x) = arctg
∆y

∆x
. Ïåðåéäåì ê ïðåäåëó ïðè ∆x→ 0:

lim
∆x→0

ϕ(∆x) = lim
∆x→0

arctg
∆y

∆x
= arctg lim

x→0

∆y

∆x
= arctg f ′(x0) = ϕ0.

Óðàâíåíèå êàñàòåëüíîé ê ãðàôèêó ôóíêöèè y = f(x) â òî÷êå M(x0, f(x0)) èìååò âèä:

y = f ′(x0)(x− x0) + f(x0).

Îïðåäåëåíèå 5. Ôóíêöèÿ y = f(x) íàçûâàåòñÿ äèôôåðåíöèðóåìîé â òî÷êå x0, åñëè åå
ïðèðàùåíèå ∆y = f(x0 + ∆x)− f(x0) ìîæåò áûòü ïðåäñòàâëåíî â âèäå:

∆y = A∆x+ ō(∆x), ∆x→ 0

èëè
∆y = A∆x+ α(∆x) ·∆x,

ãäå α(∆x)→ 0 ïðè ∆x→ 0. Çäåñü A � íåêîòîðàÿ ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò ∆x.

Òåîðåìà 2. Ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0 òîãäà è òîëüêî òîãäà,
êîãäà îíà èìååò â ýòîé òî÷êå êîíå÷íóþ ïðîèçâîäíóþ f ′(x0). Ïðè ýòîì ïîñòîÿííàÿ A â
îïðåäåëåíèè äèôôåðåíöèðóåìîñòè ðàâíà f ′(x0).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü ∆y = A∆x + α(∆x) · ∆x, ãäå α(∆x) → 0 ïðè

∆x→ 0. Òîãäà
∆y

∆x
= A+α(∆x), ñëåäîâàòåëüíî, f ′(x0) = lim

∆x→0

∆y

∆x
= lim

∆x→0
(A+α(∆x)) = A.

Äîñòàòî÷íîñòü. Ïóñòü ñóùåñòâóåò f ′(x0). Òîãäà
∆y

∆x
= f ′(x0) + ō(1), ∆x → 0. Çíà÷èò,

∆y = A∆x+ ō(∆x), ∆x→ 0, ãäå A = f ′(x0).

Òåîðåìà 3. Åñëè ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0, òî îíà íåïðåðûâíà â
ýòîé òî÷êå.
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Äîêàçàòåëüñòâî. Òàê êàê ∆y = A∆x+ ō(∆x), ∆x→ 0, òî

lim
∆x→0

∆y = A lim
∆x→0

∆x+ lim
∆x→0

ō(∆x) = A · 0 + 0 = 0.

Çàìå÷àíèå 1. Îáðàòíîå, âîîáùå ãîâîðÿ, íåâåðíî. Íàïðèìåð, ôóíêöèÿ f(x) = |x| íåïðå-
ðûâíà, íî íå äèôôåðåíöèðóåìà â òî÷êå x = 0.

Òåîðåìà 4. (Ïðîèçâîäíàÿ ñëîæíîé ôóíêöèè). Ïóñòü ôóíêöèÿ x = ϕ(t) äèôôåðåí-
öèðóåìà â òî÷êå t0, à ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0 = ϕ(t0). Òîãäà
ñëîæíàÿ ôóíêöèÿ y = f(x(t)) äèôôåðåíöèðóåìà â òî÷êå t0, ïðè÷åì

(f(ϕ(t))′
∣∣∣
t=t0

= f ′(x0) · ϕ′(t0).

Äîêàçàòåëüñòâî. Âûáåðåì ïðèðàùåíèå ∆t 6= 0. Òîãäà ñîîòâåòñòâóþùåå åìó ïðèðàùåíèå
ôóíêöèè x = ϕ(t) ïðåäñòàâëÿåòñÿ â âèäå: ∆x = ϕ(t0 + ∆t)− ϕ(t0). Ïðèðàùåíèå ôóíêöèè
y = f(x), ñîîòâåòñòâóþùåå ïðèðàùåíèþ ∆x, èìååò âèä: ∆y = f(x0 + ∆x)− f(x0). Òàê êàê
ôóíêöèÿ f(x) äèôôåðåíöèðóåìà â òî÷êå x0, òî ∆y = f ′(x0)∆x + α(∆x), ãäå α(∆x) → 0
ïðè ∆x→ 0. Ïîëó÷àåì, ÷òî

∆y

∆t
= f ′(x0)

∆x

∆t
+ α(∆x)

∆x

∆t
= f ′(x0)

ϕ′(t0)∆t+ β(∆t)∆t

∆t
+ α(∆x)

ϕ′(t0)∆t+ β(∆t)∆t

∆t
=

= f ′(x0)ϕ′(t0)+f ′(x0)β(∆t)+ϕ′(t0)α(∆x)+ϕ′(t0)β(∆t)α(∆x) = f ′(x0)ϕ′(t0)+ō(1), ∆t→ 0.

Çäåñü β(∆t) → 0 ïðè ∆t → 0 â ñèëó äèôôåðåíöèðóåìîñòè ôóíêöèè x = ϕ(t) â
òî÷êå t0; ïîñêîëüêó èç äèôôåðåíöèðóåìîñòè ôóíêöèè ñëåäóåò åå íåïðåðûâíîñòü, òî
ìîæíî óòâåðæäàòü, ÷òî ∆x → 0 ïðè ∆t → 0. Çíà÷èò, äåéñòâèòåëüíî âûðàæåíèå
f ′(x0)β(∆t) + ϕ′(t0)α(∆x) + ϕ′(t0)β(∆t)α(∆x) = ō(1) ïðè ∆t → 0. Îòñþäà ñëåäó-
åò, ÷òî ñëîæíàÿ ôóíêöèÿ y = f(x(t)) äèôôåðåíöèðóåìà â òî÷êå t0 è åå ïðîèçâîäíàÿ

(f(ϕ(t))′
∣∣∣
t=t0

= f ′(x0) · ϕ′(t0).

Òåîðåìà 5. (Ïðîèçâîäíàÿ îáðàòíîé ôóíêöèè). Ïóñòü ôóíêöèÿ y = f(x) ñòðî-
ãî ìîíîòîííà è íåïðåðûâíà â íåêîòîðîé îêðåñòíîñòè òî÷êè x0; ïóñòü ñóùåñòâóåò
f ′(x0) 6= 0. Òîãäà â íåêîòîðîé îêðåñòíîñòè òî÷êè y0 = f(x0) îïðåäåëåíà îáðàòíàÿ ôóíê-
öèÿ x = f−1(y), ïðè÷åì îíà äèôôåðåíöèðóåìà â òî÷êå y0 è(

f−1(y)
)′ ∣∣∣

y0
=

1

f ′(x0)
.

Äîêàçàòåëüñòâî. Îáðàòíàÿ ôóíêöèÿ x = f−1(y) îïðåäåëåíà, ñòðîãî ìîíîòîííà è íåïðå-
ðûâíà â îêðåñòíîñòè òî÷êè y0 ïî òåîðåìå îá îáðàòíîé ôóíêöèè. Ïóñòü ïðèðàùåíèå åå
àðãóìåíòà ∆y 6= 0; òîãäà ïðèðàùåíèå ôóíêöèè ∆x = f−1(y0 + ∆y)− f−1(y0) òàêæå îòëè÷-
íî îò íóëÿ (â ñèëó ñòðîãîé ìîíîòîííîñòè îáðàòíîé ôóíêöèè). Çíà÷èò, ìîæåì óòâåðæäàòü,

÷òî
∆x

∆y
=

1

(∆y)/(∆x)
. Êðîìå òîãî, òàê êàê x0 = f−1(y0),

x0 + ∆x = f−1(y0) + ∆x = f−1(y0) + f−1(y0 + ∆y)− f−1(y0) = f−1(y0 + ∆y),
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òî
f(x0 + ∆x) = f(f−1(y0 + ∆y)) = y0 + ∆y.

Çíà÷èò, f(x0+∆x)−f(x0) = y0+∆y−f(f−1(y0)) = ∆y, òî åñòü âûðàæåíèå ∆y äåéñòâèòåëüíî
åñòü ïðèðàùåíèå ôóíêöèè y = f(x) â òî÷êå x0, ñîîòâåòñòâóþùåå ïðèðàùåíèþ àðãóìåíòà
∆x. Çàìåòèì òàêæå, ÷òî ∆x → 0 ïðè ∆y → 0, ïîñêîëüêó ôóíêöèÿ f−1(y) íåïðåðûâíà â
òî÷êå y0. Ñëåäîâàòåëüíî,

lim
∆y→0

∆x

∆y
= lim

∆y→0

1

(∆y)/(∆x)
= lim

∆x→0

1

(∆y)/(∆x)
=

1

lim
∆x→0

(∆y/∆x)
=

1

f ′(x0)
.

Ýòî è îçíà÷àåò äèôôåðåíöèðóåìîñòü îáðàòíîé ôóíêöèè.

Òåîðåìà 6. Åñëè ôóíêöèè u(x) è v(x) äèôôåðåíöèðóåìû â òî÷êå x0, òî ôóíêöèè

u(x) ± v(x), u(x) · v(x) è
u(x)

v(x)
(åñëè v(x0) 6= 0) òàêæå äèôôåðåíöèðóåìû â òî÷êå x0,

ïðè÷åì

(u(x)± v(x))′
∣∣∣
x0

= u′(x0)± v′(x0);

(u(x) · v(x))′
∣∣∣
x0

= u′(x0) · v(x0) + u(x0) · v′(x0);(
u(x)

v(x)

)′ ∣∣∣
x0

=
u′(x0) · v(x0)− u(x0)v′(x0)

v2(x0)
.

Äîêàçàòåëüñòâî. 1) Îáîçíà÷èì y(x) = u(x) ± v(x), ∆u = u(x0 + ∆x) − u(x0),
∆v = v(x0 + ∆x)− v(x0), ∆y = y(x0 + ∆x)− y(x0). Òîãäà

∆y = (u(x0 + ∆x)± v(x0 + ∆x))− (u(x0)± v(x0)) =

= (u(x0 + ∆x)− u(x0))± (v(x0 + ∆x)− v(x0)) = ∆u±∆v.

Ñëåäîâàòåëüíî,

lim
∆x→0

∆y

∆x
= lim

∆x→0

(
∆u

∆x
± ∆v

∆x

)
= u′(x0)± v′(x0).

2) Ïóñòü òåïåðü y(x) = u(x) · v(x). Òîãäà

∆y = (u(x0 + ∆x) · v(x0 + ∆x))− (u(x0) · v(x0)) =

= u(x0 + ∆x)(v(x0 + ∆x)− v(x0)) + v(x0)(u(x0 + ∆x)− u(x0)) = u(x0 + ∆x)∆v + v(x0)∆u.

Ñëåäîâàòåëüíî,

lim
∆x→0

∆y

∆x
= lim

∆x→0
u(x0 + ∆x)

∆v

∆x
+ lim

∆x→0
v(x0)

∆u

∆x
= u(x0)v′(x0) + v(x0)u′(x0).

Ìû âîñïîëüçîâàëèñü òåì ôàêòîì, ÷òî ôóíêöèÿ u(x) äèôôåðåíöèðóåìà â òî÷êå x0, ñëåäî-
âàòåëüíî, íåïðåðûâíà â ýòîé òî÷êå è lim

∆x→0
u(x0 + ∆x) = u(x0).
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3) Íàêîíåö, îáîçíà÷èì y(x) = u(x) · v(x). Òàê êàê ôóíêöèÿ v(x) íåïðåðûâíà â òî÷êå x0

è v(x0) 6= 0, òî ñóùåñòâóåò âåùåñòâåííîå δ > 0 òàêîå, ÷òî v(x) 6= 0, åñëè x ∈ Bδ(x0). Ïóñòü
|∆x| < δ. Òîãäà

∆y =
u(x0 + ∆x)

v(x0 + ∆x)
− u(x0)

v(x0)
=
u(x0 + ∆x)v(x0)− v(x0 + ∆x)u(x0)

v(x0 + ∆x)v(x0)
=

=
v(x0)(u(x0 + ∆x)− u(x0))− u(x0)(v(x0 + ∆x)− v(x0))

v(x0 + ∆x)v(x0)
=
v(x0)∆u− u(x0)∆v

v(x0 + ∆x)v(x0)
.

Ñëåäîâàòåëüíî,

lim
∆x→0

∆y

∆x
= lim

∆x→0

v(x0)∆u
∆x
− u(x0)∆v

∆x

v(x0 + ∆x)v(x0)
=
u′(x0) · v(x0)− u(x0)v′(x0)

v2(x0)
.

Ìû ñíîâà âîñïîëüçîâàëèñü íåïðåðûâíîñòüþ ôóíêöèè v(x) â òî÷êå x0, îòêóäà ñëåäóåò, ÷òî
lim

∆x→0
v(x0 + ∆x) = v(x0).

Ïðîèçâîäíûå îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé.

1) C ′ = 0, òàê êàê ∆C ≡ 0 â ëþáîé òî÷êå.

2)

(ex)′|x0 = lim
∆x→∆0

ex0+∆x − ex0
∆x

= ex0 lim
∆x→0

e∆x − 1

∆x
= ex0

(âîñïîëüçîâàëèñü ñëåäñòâèåì âòîðîãî çàìå÷àòåëüíîãî ïðåäåëà).

(ax)′ =
(
ex ln a

)′
= ex ln a(x ln a)′ = ex ln aln a = ax ln a.

3)

(loga x)′ = {y = loga x} =
1

(ay)′
=

1

ay ln a
=

1

aloga x ln a
=

1

x ln a
, x > 0

(âîñïîëçîâàëèñü òåîðåìîé î ïðîèçâîäíîé îáðàòíîé ôóíêöèè). Â ÷àñòíîñòè, (lnx)′ =
1

x
.

4)

(xα)′ =
(
eα lnx

)′
= eα lnx(α lnx)′ = eα lnxα

1

x
= xαα

1

x
= αxα−1, x 6= 0.

5)

(sinx)′|x0 = lim
∆x→0

sin(x0 + ∆x)− sinx0

∆x
= lim

∆x→0

2 sin ∆x
2

cos
(
x0 + ∆x

2

)
∆x

=

= cosx0 lim
∆x→0

sin ∆x
2

∆x
2

= cosx0

(èñïîëüçîâàëè ïåðâûé çàìå÷àòåëüíûé ïðåäåë).

6)

(cosx)′ =
(

sin
(π

2
− x
))′

=
(π

2
− x
)′

cos
(π

2
− x
)

= − cos
(π

2
− x
)

= − sinx.
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7)

(tg x)′ =

(
sinx

cosx

)′
=

(sinx)′ cosx− (cosx)′ sinx

cos2 x
=

1

cos2 x
, x 6= π

2
+ πk, k ∈ Z.

8)

(ctg x)′ =
(cosx

sinx

)′
=

(cosx)′ sinx− (sinx)′ cosx

sin2 x
= − 1

sin2 x
, x 6= πk, k ∈ Z.

9)

(arcsinx)′ = {y = arcsinx} =
1

(sin y)′
=

1

cos y
=

1

cos(arcsinx)
=

=
1√

1− sin2(arcsinx)
=

1√
1− x2

, −1 < x < 1.

Çäåñü ìû ñíîâà ïðèìåíèëè òåîðåìó î ïðîèçâîäíîé îáðàòíîé ôóíêöèè. Ïåðåä êîðíåì âû-
áðàí çíàê ” + ”, ïîñêîëüêó ôóíêöèÿ arcsinx ïðè −1 < x < 1 ïðèíèìàåò çíà÷åíèÿ íà

ïðîìåæóòêå
(
−π

2
,
π

2

)
, ñëåäîâàòåëüíî, cos(arcsinx) > 0.

Óïðàæíåíèå 1. Äîêàçàòü, ÷òî äëÿ ôóíêöèè f(x) = arcsinx âûïîëíåíî:
f ′Λ(1) = f ′Π(−1) = +∞.

10)

(arccosx)′ =
(π

2
− arcsinx

)′
= − 1√

1− x2
, −1 < x < 1.

11)

(arctg x)′ = {y = arctg x} =
1

(tg y)′
= cos2 y = cos2(arctg x) =

1

1 + tg2(arctg x)
=

1

1 + x2

(òåîðåìà î ïðîèçâîäíîé îáðàòíîé ôóíêöèè).

12)

(arcctg x)′ =
(π

2
− arctg x

)′
= − 1

1 + x2
.

13)

(shx)′ =

(
ex − e−x

2

)′
=
ex + e−x

2
= ch x.

14)

(chx)′ =

(
ex + e−x

2

)′
=
ex − e−x

2
= shx.

15)

(thx)′ =

(
shx

chx

)′
=

ch2 x− sh2 x

ch2 x
=

1

ch2 x

6



(âîñïîëüçîâàëèñü îñíîâíûì òîæäåñòâîì äëÿ ãèïåðáîëè÷åñêèõ ôóíêöèé: ch2 x− sh2 x ≡ 1).

16)

(cthx)′ =

(
chx

shx

)′
=

sh2 x− ch2 x

sh2 x
= − 1

sh2 x
, x 6= 0.

17)

(arshx)′ = {y = arshx} =
1

(sh y)′
=

1

ch y
=

1

ch(arshx)
=

1√
1 + sh2(arshx)

=
1√

1 + x2
.

18)

(archx)′ = (ln(x+
√
x2 − 1))′ =

1

x+
√
x2 − 1

(x+
√
x2 − 1)′ =

1

x+
√
x2 − 1

(
1 +

2x

2
√
x2 − 1

)
=

=
1

x+
√
x2 − 1

·
√
x2 − 1 + x√
x2 − 1

=
1√

x2 − 1
, |x| > 1.

19)

(arthx)′ =

(
1

2
ln

1 + x

1− x

)′
=

1

2
(ln(1 + x)− ln(1− x))′ =

1

2

(
1

1 + x
+

1

1− x

)
=

1

1− x2
, |x| < 1.

20)

(arcthx)′ =

(
1

2
ln
x+ 1

x− 1

)′
=

1

2

(
1

x+ 1
− 1

x− 1

)
=

1

1− x2
, |x| > 1.

Äèôôåðåíöèàë ôóíêöèè.

Îïðåäåëåíèå 6. Äèôôåðåíöèàëîì ôóíêöèè y = f(x) â òî÷êå x0, ñîîòâåòñòâóþùèì ïðè-
ðàùåíèþ ∆x, íàçûâàåòñÿ âûðàæåíèå dy = f ′(x0)∆x.

Çàìå÷àíèå 2. 1) Åñëè òî÷êà x0 ôèêñèðîâàíà, òî äèôôåðåíöèàë dy � ãëàâíàÿ ëèíåéíàÿ
÷àñòü ïðèðàùåíèÿ ôóíêöèè ∆y � ÿâëÿåòñÿ ëèíåéíîé ôóíêöèåé àðãóìåíòà ∆x (åñëè
f ′(x0) = 0, òî dy ≡ 0).

2) Âîîáùå ãîâîðÿ, dy 6= ∆y. Äåéñòâèòåëüíî, ðàññìîòðèì ãðàôèê ôóíêöèè y = f(x).
Îòìåòèì íà íåì òî÷êè M(x0, f(x0)) è N(x0 + ∆x, f(x0 + ∆x)). Îáîçíà÷èì òàêæå
÷åðåç H è P òî÷êè íà êîîðäèíàòíîé ïëîñêîñòè ñ êîîðäèíàòàìè H(x0 + ∆x, f(x0));
P (x0 + ∆x, f ′(x0)∆x+ f(x0)). Òîãäà òî÷êè N , P , H ëåæàò íà îäíîé ïðÿìîé; MH⊥NH.
Ïîëó÷àåì, ÷òî ∆y = f(x0 + ∆x) − f(x0) = NH; dy = f ′(x0)∆x = PH. Èòàê, dy 6= ∆y â
îáùåì ñëó÷àå; êðîìå òîãî, ìû âûÿñíèëè ãåîìåòðè÷åñêèé ñìûñë äèôôåðåíöèàëà: äèôôå-
ðåíöèàë dy � ïðèðàùåíèå êàñàòåëüíîé, ñîîòâåòñòâóþùåå ïðèðàùåíèþ àðãóìåíòà ∆x.

3) Åñëè x � íåçàâèñèìàÿ ïåðåìåííàÿ, òî dx = x′∆x = 1 ·∆x = ∆x. Âîîáùå, êàê âèäíî
è èç ãåîìåòðè÷åñêîãî ñìûñëà äèôôåðåíöèàëà, åñëè y = f(x) � ëèíåéíàÿ ôóíêöèÿ, òî
dy = ∆y.
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Óòâåðæäåíèå 3. (Èíâàðèàíòíîñòü ôîðìû ïåðâîãî äèôôåðåíöèàëà). Ïóñòü
ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0. Òîãäà åå ïåðâûé äèôôåðåíöèàë èìååò
âèä: dy = f ′(x0)dx, íåçàâèñèìî îò òîãî, ÿâëÿåòñÿ ëè x íåçàâèñèìîé ïåðåìåííîé èëè
ôóíêöèåé íåêîòîðîãî àðãóìåíòà t.

Äîêàçàòåëüñòâî. Ïóñòü ñíà÷àëà x � íåçàâèñèìàÿ ïåðåìåííàÿ. Òîãäà

dy = f ′(x0)∆x = f ′(x0)dx

.

Åñëè x = ϕ(t), ãäå ôóíêöèÿ ϕ(t) äèôôåðåíöèðóåìà â òî÷êå t0, òàêîé, ÷òî x0 = ϕ(t0), òî
(ïî òåîðåìå î äèôôåðåíöèðóåìîñòè ñëîæíîé ôóíêöèè)

dy = (f(ϕ(t))′|t0∆t = f ′(ϕ(t0))ϕ′(t0)∆t = f ′(x0)dx,

òàê êàê ïî îïðåäåëåíèþ äèôôåðåíöèàë ôóíêöèè x = ϕ(t) â òî÷êå t0 èìååò âèä:
dx = ϕ′(t0)∆t.

Çàìå÷àíèå 3. Òàê êàê äëÿ äèôôåðåíöèðóåìîé ôóíêöèè y = f(x) âñåãäà dy = f ′(x)dx,

òî âûðàæåíèå
dy

dx
� íå ïðîñòî îáîçíà÷åíèå äëÿ ïðîèçâîäíîé; îíî èìååò ñìûñë: ýòî

îòíîøåíèå äâóõ äèôôåðåíöèàëîâ.

Ïðèìåíåíèå äèôôåðåíöèàëà äëÿ ïðèáëèæåííûõ âû÷èñëåíèé.

Ïóñòü ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà â òî÷êå x0. Òàê êàê åå ïðèðàùåíèå

∆f = df + ō(∆x) ïðè ∆x→ 0, òî
∆f − df

∆x
= ō(1) ïðè ∆x→ 0.

Îïðåäåëåíèå 7. ×èñëî
∆f − df

∆x
íàçûâàåòñÿ îòíîñèòåëüíîé ïîãðåøíîñòüþ ïðèáëèæåí-

íîãî ðàâåíñòâà
f(x0 + ∆x) ≈ f(x0) + f ′(x0)∆x.

Ïðèìåð 2. Âû÷èñëèì ïðèáëèæåííî 4
√

1, 02. Îáîçíà÷èì f(x) = 4
√
x, x0 = 1, ∆x = 0, 02.

Òîãäà

4
√

1, 02 = f(x0 + ∆x) ≈ 4
√

1 + ( 4
√
x)′|x=1 · 0, 02 = 1 +

1

4
· 0, 02 = 1 + 0, 005 = 1, 005.

Ñäåëàåì ïðîâåðêó: 1, 0052 = 1, 010025; 1, 0100252 = 1, 020150500625. Âèäèì, ÷òî ìû ïîëó-
÷èëè îøèáêó â ÷åòâåðòîì çíàêå.

Çàìåòèì, ÷òî ìû ïîêà íå ìîæåì îöåíèòü òî÷íîñòü ïðèáëèæåííûõ âû÷èñëåíèé, ïîñêîëü-
êó íå îáëàäàåì ñîîòâåòñòâóþùèì ìàòåìàòè÷åñêèì àïïàðàòîì. Íåñêîëüêî ïîçæå, èçó÷èâ
ôîðìóëó Òåéëîðà, ìû ñìîæåì íå òîëüêî âû÷èñëÿòü çíà÷åíèÿ ôóíêöèé â òî÷êå ñ ëþáîé
òî÷íîñòüþ, íî è îöåíèâàòü ïîãðåøíîñòü íàøèõ ïðèáëèæåííûõ âû÷èñëåíèé.

Ïðîèçâîäíûå è äèôôåðåíöèàëû âûñøèõ ïîðÿäêîâ.

Äèôôåðåíöèðîâàíèå ïàðàìåòðè÷åñêè çàäàííîé ôóíêöèè.
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Îïðåäåëåíèå 8. Ïóñòü ôóíêöèÿ y = f(x) îïðåäåëåíà è äèôôåðåíöèðóåìà íà èíòåðâà-
ëå (a, b). Åñëè ôóíêöèÿ f ′(x) äèôôåðåíöèðóåìà â íåêîòîðîé òî÷êå x0 ∈ (a, b), òî ÷èñ-
ëî (f ′(x))′|x0 íàçûâàþò âòîðîé ïðîèçâîäíîé (ïðîèçâîäíîé âòîðîãî ïîðÿäêà) ôóíêöèè

y = f(x) â òî÷êå x0 è îáîçíà÷àþò f ′′(x0) èëè f (2)(x0) (y′′|x0, y(2)|x0,
d2f

dx2

∣∣∣
x0
, ... ).

Àíàëîãè÷íî, åñëè ôóíêöèÿ f (n−1)(x) (n = 2, 3, . . . ) äèôôåðåíöèðóåìà â òî÷êå x0 ∈ (a, b),
òî ÷èñëî (f (n−1)(x))′|x0 íàçûâàþò n−íîé ïðîèçâîäíîé (ïðîèçâîäíîé n−îãî ïîðÿäêà)

ôóíêöèè y = f(x) â òî÷êå x0 è îáîçíà÷àþò f (n)(x0) (y(n)|x0,
dnf

dxn

∣∣∣
x0
, ... ).

Çàìå÷àíèå 4. 1) Åñëè ôóíêöèÿ y = f(x) èìååò êîíå÷íóþ ïðîèçâîäíóþ n−îãî ïîðÿäêà
â ëþáîé òî÷êå ìíîæåñòâà A, òî ãîâîðÿò, ÷òî f(x) n ðàç äèôôåðåíöèðóåìà íà ìíîæå-
ñòâå A.

2) Ïðèíÿòî ñ÷èòàòü, ÷òî f (0)(x) = f(x).

Ïðîèçâîäíûå âûñøèõ ïîðÿäêîâ íåêîòîðûõ ýëåìåíòàðíûõ ôóíêöèé.

1) (xα)(n) = α(α− 1) . . . (α− n+ 1)xα−n, x > 0.

Äîêàçàòåëüñòâî (èíäóêöèÿ ïî n). Ïðè n = 1: (xα)′ = αxα−1 � âåðíî. Ïóñòü
(xα)(n−1) = α(α− 1) . . . (α− n+ 2)xα−n+1; òîãäà

(xα)(n) = ((xα)(n−1))′ = α(α− 1) . . . (α− n+ 2)(α− n+ 1)xα−n.

Â ÷àñòíîñòè, åñëè α = m ∈ N, òî

(xm)(n) =

{
m!

(m−n)!
xm−n, m > n

0, m < n.

2) (ax)(n) = ax lnn a; (ex)(n) = ex.

Äîêàçàòåëüñòâî (èíäóêöèÿ ïî n). Ïðè n = 1: (ax)′ = ax ln a � âåðíî. Ïóñòü
(ax)(n−1) = ax lnn−1 a; òîãäà (ax)(n) = (ax)′ lnn−1 a = ax lnn a.

3) (sinx)(n) = sin
(
x+

πn

2

)
; (cosx)(n) = cos

(
x+

πn

2

)
Äîêàçàòåëüñòâî (èíäóêöèÿ ïî n). Ïðè n = 1: (sinx)′ = cos x = sin

(
x+

π

2

)
� âåðíî.

Ïóñòü (sinx)(n−1) = sin

(
x+

π(n− 1)

2

)
, òîãäà

(sinx)(n) = cos

(
x+

π(n− 1)

2

)
= cos

(
x+

πn

2
− π

2

)
= sin

(
x+

πn

2

)
.

Äëÿ cosx � àíàëîãè÷íî.

4) (lnx)(n) = (−1)n−1 (n− 1)!

xn
, x > 0.
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Äîêàçàòåëüñòâî (èíäóêöèÿ ïî n). Ïðè n = 1: (lnx)′ =
1

x
=

(−1)00!

x1
� âåðíî. Ïóñòü

(lnx)(n−1) = (−1)n−2 (n− 2)!

xn−1
; òîãäà

(lnx)(n) = (−1)n−2(n− 2)!

(
1

xn−1

)′
=

(−1)n−2(n− 2)!(−n+ 1)

xn
=

(−1)n−1(n− 1)!

xn
.

5) (arctg x)(n) =
(n− 1)!

(x2 + 1)n/2
sin
(
n
(

arctg x+
π

2

))
.

Äîêàçàòåëüñòâî. Îáîçíà÷èì y = arctg x, òîãäà
1

x2 + 1
=

1

tg2 y + 1
= cos2 y. Ïîêàæåì,

÷òî y(n) = (n− 1)! cosn y · sin
(
n
(
y +

π

2

))
(èíäóêöèÿ ïî n). Ïðè n = 1:

y′ = (arctg x)′ =
1

x2 + 1
= cos2 y = 0! cos y · sin

(
y +

π

2

)
� âåðíî.

Ïóñòü y(n−1) = (n− 2)! cosn−1 y · sin
(

(n− 1)
(
y +

π

2

))
, òîãäà

y(n) = (n− 2)!
(

cosn−1 y · sin
(

(n− 1)
(
y +

π

2

)))′
=

= (n− 2)!
(

(n− 1) cosn−2 y(− sin y) sin
(

(n− 1)
(
y +

π

2

))
+

+ cosn−1 y cos
(

(n− 1)
(
y +

π

2

))
(n− 1)

)
y′x =

= (n− 1)!
(
− cosn−2 y · sin y · sin

(
(n− 1)

(
y +

π

2

))
+

+ cosn−1 y · cos
(

(n− 1)
(
y +

π

2

))) 1

x2 + 1
=

= (n− 1)! cosn−2 y · cos
(
y + (n− 1)

(
y +

π

2

))
· 1

tg2 y + 1
=

= (n− 1)! cosn y · cos
(
n
(
y +

π

2

)
− π

2

)
= (n− 1)! cosn y · sin

(
n
(
y +

π

2

))
.

Òåîðåìà 7. (Ôîðìóëà Ëåéáíèöà). Ïóñòü ôóíêöèè u(x), v(x) n ðàç äèôôåðåíöèðóåìû
â òî÷êå x0. Òîãäà ôóíêöèÿ u(x) · v(x) n ðàç äèôôåðåíöèðóåìà â òî÷êå x0, ïðè÷åì

(u(x) · v(x))(n)|x0 =
n∑
k=0

Ck
nu

(n−k)(x0)v(k)(x0).

Äîêàçàòåëüñòâî. Ïðîâåäåì äîêàçàòåëüñòâî ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè (ïî n).
Ïðè n = 1:

(u(x) · v(x))′ = u′(x)v(x) + u(x)v′(x) = C0
1u

(1)(x)v(0)(x) + C1
1u

(0)(x)v(1)(x)� âåðíî.
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Ïóñòü

(u(x) · v(x))(n−1)|x0 =
n−1∑
k=0

Ck
n−1u

(n−1−k)(x0)v(k)(x0).

Òîãäà

(u(x) · v(x))(n) = (C0
n−1u

(n−1)(x)v(x) + C1
n−1u

(n−2)(x)v′(x) + · · ·+ Cn−1
n−1u(x)v(n−1)(x))′ =

= C0
n−1u

(n)(x)v(x) + C0
n−1u

(n−1)(x)v′(x) + C1
n−1u

(n−1)(x)v′(x) + C1
n−1u

(n−2)(x)v′′(x)+

+C2
n−1u

(n−2)(x)v′′(x) + · · ·+ Cn−1
n−1u

′(x)v(n−1)(x) + Cn−1
n−1u(x)v(n)(x) =

= C0
nu

(n)(x)v(x)+(C0
n−1+C1

n−1)u(n−1)(x)v′(x)+(C1
n−1+C2

n−1)u(n−2)(x)v′′(x)+· · ·+Cn
nu(x)v(n)(x) =

= C0
nu

(n)(x)v(x)+C1
nu

(n−1)(x)v′(x)+C2
nu

(n−2)(x)v′′(x)+· · ·+Cn
nu(x)v(n)(x) =

n∑
k=0

Ck
nu

(n−k)(x)v(k)(x).

Îïðåäåëåíèå 9. Ïóñòü ôóíêöèÿ y = f(x) äèôôåðåíöèðóåìà íà èíòåðâàëå (a, b). Çà-
ôèêñèðóåì ïðèðàùåíèå àðãóìåíòà ∆x = h. Òîãäà dy = f ′(x)h � ôóíêöèÿ àðãóìåíòà x.
Åñëè îíà äèôôåðåíöèðêåìà â íåêîòîðîé òî÷êå x0 ∈ (a, b), òî åå äèôôåðåíöèàë â òî÷êå
x0 èìååò âèä: d(f ′(x)h)|x0 = f ′′(x0)h∆x. Åñëè âûáðàòü ïðèðàùåíèå ∆x = h, òî ïîëó-
÷åííîå âûðàæåíèå d(dy))|x0 = f ′′(x0)h2 = f ′′(x0)dx2 íàçûâàåòñÿ âòîðûì äèôôåðåíöèàëîì

ôóíêöèè f(x) â òî÷êå x0, ñîîòâåòñòâóþùèì ïðèðàùåíèþ àðãóìåíòà dx, è îáîçíà÷àåòñÿ
d2yx0 èëè d

2f(x)|x0.
Àíàëîãè÷íî n-ûì äèôôåðåíöèàëîì (äèôôåðåíöèàëîì n-îãî ïîðÿäêà) ôóíêöèè f(x) â

òî÷êå x0, ñîîòâåòñòâóþùèì ïðèðàùåíèþ àðãóìåíòà dx, íàçûâàåòñÿ âûðàæåíèå

dnf(x)|x0 = d(dn−1f(x))|x0 = f (n)(x0)dxn.

Çàìå÷àíèå 5. Ïðè n > 2 n−ûé äèôôåðåíöèàë óæå íå îáëàäàåò, âîîáùå ãîâîðÿ, ñâîé-
ñòâîì èíâàðèàíòíîñòè: ïóñòü x = ϕ(t). Òîãäà

d2f(x) = d(df(x)) = d(f ′(x)ϕ′(t)dt) = (f ′(x)ϕ′(t)dt)′dt = f ′′(x)ϕ′(t)ϕ′(t)dt2 + f ′(x)ϕ′′(t)dt2 =

= f ′′(x)(ϕ′(t)dt)2 + f ′(x)(ϕ′′(t)dt2) = f ′′(x)dx2 + f ′(x)d2x.

Åñëè x � íåçàâèñèìàÿ ïåðåìåííàÿ (èëè ëèíåéíàÿ ôóíêöèÿ), òî dnx = 0, n = 2, 3, . . . .

Îïðåäåëåíèå 10. Ãîâîðÿò, ÷òî ôóíêöèÿ y = f(x) çàäàíà ïàðàìåòðè÷åñêè íà ìíîæå-
ñòâå X, åñëè íà íåêîòîðîì ìíîæåñòâå T çàäàíû ôóíêöèè x = ϕ(t) è y = ψ(t), ïðè÷åì
ôóíêöèÿ ϕ(t) èìååò ñâîèì ìíîæåñòâîì çíà÷åíèé X È íà ýòîì ìíîæåñòâå îïðåäåëåíà
îáðàòíàÿ ôóíêöèÿ t = ϕ−1(x). Òîãäà äëÿ ëþáîãî x ∈ X: y = ψ(ϕ−1(x)).

Ïðèìåð 3. x = cos t, y = sin t, t ∈ [0, π]. Òîãäà y =
√

1− x2, x ∈ [−1, 1].

Òåîðåìà 8. Åñëè ôóíêöèÿ y = f(x) çàäàíà ïàðàìåòðè÷åñêè: x = ϕ(t), y = ψ(t), ïðè÷åì
ôóíêöèè x = ϕ(t) è y = ψ(t) äâàæäû äèôôåðåíöèðóåìû â òî÷êå t0 è ϕ′(t0) 6= 0, òî
ôóíêöèÿ f(x) äâàæäû äèôôåðåíöèðóåìà â òî÷êå x0 = ϕ(t0) è

y′|x0 =
ψ′(t0)

ϕ′(t0)
, y′′(x)|x0 =

ψ′′(t0)ϕ′(t0)− ϕ′′(t0)ψ′(t0)

(ϕ′(t0))3
.
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Äîêàçàòåëüñòâî.

y′(x)|x0 =
dy|t0
dx|t0

=
ψ′(t0)dt

ϕ′(t0)dt
=
ψ′(t0)

ϕ′(t0)
;

y′′(x0)|x0 =
d(y′(x))|t0
dx|t0

=

(
ψ′(t)
ϕ′(t)

)′ ∣∣∣
t0
dt

ϕ′(t0)dt
=
ψ′′(t0)ϕ′(t0)− ϕ′′(t0)ψ′(t0)

(ϕ′(t0))3
.
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